A geometric interpretation for the A-fidelity between two states of a qubit system is presented, which leads to an upper bound of the Bures fidelity. The metrics defined based on the A-fidelity are studied by numerical method. An alternative generalization of the A-fidelity, which has the same geometric picture, to a N -state quantum system is also discussed.
I. INTRODUCTION
The concept of fidelity plays an important role in quantum computation and quantum information [1, 2, 3, 4, 5, 6, 7] . It is a measurement of closeness between two states. The most well-known definition is the Bures fidelity between two states ρ 1 and ρ 2 , given by [4, 5, 6, 7] ,
Assume that ρ 1 = |φ φ| and ρ 2 = |ϕ ϕ| are two pure states, then F B (ρ 1 , ρ 2 ) = | φ|ϕ | 2 . Another generalization of the usual transition probability from pure states to mixed states is the quantum affinity [8, 9] 
which has many the same fundamental properties as the Bures fidelity [9] . For two pure state ρ 1 = |φ φ| and ρ 2 = |ϕ ϕ|, we have F A (ρ 1 , ρ 2 ) = | φ|ϕ | 4 . Since it is denoted as F A in [8] by Raggio, we would like to call it A-fidelity in this report for its close relation and comparability with the Bures fidelity.
It is always interesting and useful to find an intuitive geometric picture of a concept in quantum information. For instance, the trace distance between two single qubit states has a simple geometric interpretation as half of the ordinary Euclidean distance between points on the Bloch sphere [1] . Chen and his collaborators [10] provided a geometric picture for the Bures fidelity for the qubit case. This brief report is aimed at putting forward a geometric interpretation for the A-fidelity. At first, we would like to review the result in the Bures case.
The state of a qubit is described by a 2 × 2 density matrix as
where 1 is the 2 × 2 unit matrix, σ = (σ 1 , σ 2 , σ 3 ) are the Pauli matrices in vector notation, and n is the threedimensional Bloch vector. 
wheren is the unit vector in the direction of n. The state in Eq. (3) is represented as
where L(n) is the Lorentz boost matrix,
The Bloch vector n corresponds to a relativistically admissible velocity, with the vacuum speed of light c = 1. Then, the Bures fidelity between two states
is given by
Here, w is the Einstein sum of the two relativistically admissible velocities u and v
where γ u = 1/ 1 − |u| 2 = cosh φ u is the Lorentz factor. The rapidity φ w satisfies the Cosine law of hyperbolic geometry
The hyperbolic angles {φ u , φ v , φ w } form a hyperbolic triangle, which is shown in Fig.1 by Chen et al. [10] . 
II. GEOMETRIC MEANING OF A-FIDELITY
Theorem 1. The A-fidelity between two states ρ 1 and ρ 2 in Eq. (7) equals to
where w is defined in Eq. (9), and δ is the defect of the triangle △ABC in Fig.1 which satisfies [11, 12, 13] 
Proof. In terms of the hyperbolic parameter, we can transform Eq. (5) into
Then,
From the relations
we have
From the Cosine law Eq. (10), one can easily obtain
Substituting it into Eq. (16), along with some relations between trigonometric functions of hyperbolic geometry, we derive Eq. (11), which ends the proof.
III. UPPER BOUND OF BURES FIDELITY
In the above section, we obtain a geometric picture of the A-fidelity in hyperbolic geometry. It is also shown that, for a qubit system, the factor connecting the Afidelity and Bures fidelity has a simple geometric meaning. Inserting Eq. (4) into Eqs. (8) and (12), one obtains
Let
where α = cos −1 |u| and β = cos −1 |v|. Then, we have
Given a pair of |u| and |v|, the corresponding Bures fidelity satisfies
Only when u = v or |u| = |v| = 1, one has F B = cos 2 δ 2 . This result shows that the defect of △ABC in Fig. 1 associates with an upper bound of the Bures fidelity.
On the other hand, from our result in Eq. (11), one can obtain
, when ρ 1 commutes with ρ 2 . Then, u//v, BAC = π, the triangle △ABC becomes a line and δ = 0.
From Eqs. (25) and (24), we can immediately obtain
which coincides with the result in [8] .
The density matrix of a qunit (N -state system) [14, 15] can be written as 
IV. METRICS RELATED TO A-FIDELITY
Fidelity by itself is not a metric, but there are many metrics built up from Bures fidelity to measure the distance between two quantum states. The most famous ones are known in the literature as the Bures angle, the Bures metric, and the gold metric [16] , given by For a qubit system, it is easy to prove a common ground of the above three metrics lim u,v→0
Namely, when |u| and |v| approach 0, all the above limits are the trace distance of two states of a qubit [1] . It is easy to prove lim u,v→0
This result suggests, if we introduce,
their limits are also the trace distance when the two states approach the center of the Bloch sphere. Furthermore, they are three well-defined metrics of qubit and qunit states. Actually Raggio [8] has analytically proved that B(ρ, σ) is a metric. For A(ρ, σ) and C(ρ, σ), we have numerically verified the triangle inequality by using random 10 5 sets of states for 2, 3 and 4-dimensional system separately. The analytic proof will be given in the subsequent investigation.
V. CONCLUSION AND DISCUSSION
We have proposed a geometric observation for the Afidelity between two states of a qubit in terms the hyperbolic parameters introduced in [10] . The A-fidelity is shown as the product of Bures fidelity and cos 2 δ 2 . δ is nothing but the defect of the hyperbolic triangle △ABC plotted in Fig.1 . And cos 2 δ 2 is proved as an upper bound of the Bures fidelity between two states. We also discussed the definitions of metrics based on the A-fidelity. And the numerical result sustains our expectation.
In Ref. [17] , the authors have introduced an alternative fidelity for a qunit holding the same geometric observation as the qubit system. Their precept is to define the fidelity of a qunit in terms of the Bloch vectors in the formula of the qubit case. We can insert the Bloch vectors into Eq. (11), and obtain 
Substituting Eq. (27) into Eq. (33), it is easy to prove that F A (ρ, σ), which takes the form in Eq. (32), can also be written in the form as Eq. (11) . Therefore, it holds the same geometric picture as the fidelity of the qubit system, and is a operable definition for a N -state system.
